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Abstract. Given solenoidal vector uo £ H''^^ nH^iR^), po-1 G L^(R^), and po € L°° n W^'''(R^) 
with a positive lower bound for S £ (0, |) and 2 < r < -^^^s i *® prove that 2-D incompressible 
inhomogeneous Navier-Stokes system (1.1) has a unique global solution provided that the viscous 
coefficient /i(po) is close enough to 1 in the L°° norm compared to the size of 5 and the norms 
of the initial data. With smoother initial data, we can prove the propagation of regularities for 
such solutions. Furthermore, for 1 < p < 4, if (po — l,wo) belongs to the critical Besov spaces 

-Bp'^i(*^) X {Bp^i^'^ n L2(R^)) and the -Bp^i(R^) norm of po - 1 is sufficiently smaU compared to 
the exponential of ||uo||^2 + ll'^oll -i+ 2 , we prove the global well-posedness of (1.1) in the scaling 

invariant spaces. Finally for initial data in the almost critical Besov spaces, we prove the global 
well-posedness of (1.1) under the assumption that the L°° norm of po — 1 is sufficiently small. 
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1. Introduction 

The purpose of this paper is to investigate the global well-posedness of the following two- 
dimensional incompressible inhomogeneous Navier-Stokes equations with variable viscous coeffi- 
cient 

dtp + div(/>n) = 0, (t, x) G M+ x 
dtipu) + div{pu 0u) - div(2/i(p)d) + VII = 0, 
div n = 0, 

p\t=o = Po, pu\t=o = mo, 

where p,u = (ui, 1*2) stand for the density and velocity of the fluid respectively, and d = [^{diUj + 
^i^«))2x2 denotes the deformation tensor, 11 is a scalar pressure function, and the viscous coefficient 
p{p) is a smooth, positive and non-decreasing function on [0, 00). Such a system describes for 
instance a fluid that is incompressible but has nonconstant density owing to the complex structure 
of the flow due to a mixture (e.g. blood flow) or pollution (e.g. model of rivers). It may also 
describe a fluid containing a melted substance. 

When p{p) is a positive constant, and the initial density has a positive lower bound, Ladyzenskaja 
and Solonnikov [19] first addressed the question of unique solvability of (1.1). More precisely, they 
considered the system (1.1) in a bounded domain 0, with homogeneous Dirichlet boundary condition 

for u. Under the assumptions that uq ^ W p (Q) (p > d) is divergence free and vanishes on 317 
and that po G C^{Q) is bounded away from zero, then they [19] proved 

• Global well-posedness in dimension d = 2; 

• Local well-posedness in dimension d = 3. If in addition uq is small in W p [Q), then 
global well-posedness holds true. 



(1.1) 
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Danchin [11] proved similar well-posedness result of (1.1) in the whole space and with the initial 
data in the almost critical Sobolev spaces. In particular, in two space dimensions, he proved the 
the global well-poseness of (1.1) with ij,{p) = /x > provided that the initial data {po,uo) satisfies 

po - 1 G i?^+"(M2) (V/Jo G L°°(M2) if a = 1), po>b>0, and 
uoeH'^iR'^) for any a > 0, /3 G (0, a) n (a - 1, a + 1). 

Very recently, Paicu, Zhang and Zhang [22] proved the global well-posedness of (1.1) with p{p) = 
/X > for initial data: po G L°°(M^) with a positive lower bound and uq G i?*(M^) for any s > 0. 
This result improves the former interesting well-posedness theorem of Danchin and Mucha [14] by 
removing the smallncss assumption on the fluctuation to the initial density and also with much less 
regularity for the initial velocity. 

In general. Lions [20] (see also the references therein, and the monograph [5]) proved the global 
existence of finite energy weak solutions to (1.1). Yet the uniqueness and regularities of such weak 
solutions are big open questions even in two space dimensions, as was mentioned by Lions in [20] 
(see page 31-32 of [20]). Except under the additional assumptions that 

(1.2) ||^(Po)-1||l-(t2) <£o and uo£H\t'), 

Desjardins [15] proved that the global weak solution, (p, VII), constructed in [20] satisfies u G 
L~((0,r);i7i(T2)) and p G L~((0,r) x T^) for any T < oo. Moreover, with additional regularity 
assumptions on the initial data, he could also prove that u G L^{{0, r); H^{T'^)) for some short time 
T (see Theorem 1.1 below). 

To understand the system (1.1) further, the second author to this paper proved the global well- 
posedness to a modified 2-D model system, which coincides with the 2-D inhomogeneous Navier- 
Stokcs equations with p{p) = p > , with general initial data in [26]. Gui and Zhang [16] proved 
the global well-posedness of (1.1) with initial data satisfying ||po — l||//s+i being sufficiently small 
and uq G if* n H~'^^{M^) for some s > 2 and < 6 < ^. Yet the exact size of ||po — l||_f/s+i was not 
presented in [16]. Huang, Paicu and Zhang [17] basically proved that as long as 

(1.3) r?=^||po-l||^| exp|c'o(l + M^(l))exp(--^||^o|P_i+|)} < ^^_^'l^([y 

2 

for some sufficiently small cq, (1.1) has a global solution so that p — 1 G ^^([O, oo); 5^ ^^(M^)) and 

u G Cfe([0,oo);S~J'^^(M2)) n L^(R+;5p{'^(M2)) for 1 < p < 4. In a recent preprint [18], Huang 
and Paicu can prove the global existence of solution of (1.1) with much weaker assumption than 

(1.3) . Yet as there is no L^((0, T); Lip(M^)) estimate for the velocity field, the uniqueness of such 
solutions is not clear in [18]. 

Let TZ be the usual Riesz transform, Q = V(A)~^div, and P = 7 — Q be the Leray projection 
operator on the space of divergence-free vector fields, we first recall the following result from 

Desjardins [15]: 

Theorem 1.1. Let p G L°°{T'^), uq G H^{T'^) with divuQ = 0. Then there exists a positive constant 
£o such that under the assumption of (1.2), Lions weak solutions ([20]) to (1.1) satisfy the following 
regularity properties for allT > : 

• ue L°°((0,r); i7i(T2)) and ^dtu G L2((0,T) x T^), 

• p and p{p) G L~((0,r) x T^) nC([0,r]; LP{T^)) for all p G [l,oo), 

• V(H - TZiTZj{2pdij)) and V(P(g) Q(2p(i))ij G L^{{0,T) x T^), 

• n may be renormalized in such a way that for some universal constant Cq > 0, 

(1.4) n and Vu e L^{{0,T); LP{T^)) for all p e [A,p*], 



WELL-POSEDNESS OF 2-D INHOMOGENEOUS NAVIER-STOKES SYSTEM 3 

where 

(1.5) ^ = 2Co||Mpo)-1||l-. 

Moreover, if /Lt(po) > A* log(A'(Po)) £ VF^'''(T^) for some r > 2, there exists some positive time 
T SO that u e L2((0, t); H^{T^)) and /x(p) G C([0, r]; ^^^'^^(T^)) for any f < r. 

In what follows, we shall always assume that 

< M < m(Po), e W'^''^{R+) and /x(l) = 1. 

Notations: In the rest of this paper, we always denote to be any number strictly bigger than 
a and a_ any number strictly less then a. We shall denote \Y] the integer part of Y, and (7 to be a 
uniform constant depending only m,M in (1.6) below and ||//'||loo, which may change from line to 
line. 

Our first purpose in this paper is to prove the following global well-posedness result for (1.1). 

Theorem 1.2. Let m,M be two positive constants and (5 G (0, ^), 2 < r < j^j- Let uq G 

JJ-2S p ^1(1^2^ ^ solenoidal vector filed, and po - I e L'^ D L'^ n W^'''{R'^) satisfy 

(1.6) m< po< M, ||/x(po) - 1||l°° < £o, 
and for some q G {1/5, p*], 

(1.7) Co =^||t^o||^-2. + \\po - l||i2 + llnolli^ + llVnolli^ exp(C||^xo||l2). 
there holds 

(1-8) ||Ai(po)-l||L°c(^+4(72Co(l + ||po||^(2/^)+)exp(CCo)) < £o 

for some sufficiently small Eq. Then (1.1) has a unique global solution {p,u,VIl) with p — 1 G 
Cb{[0, oo); L2nL°°nPFi'''(M2)), u G Cb{[0, oo); H^{R'^))nL\R+; H'^{R'^)), dfU, VH G L^ {R+ ; L^ {M.'^)) , 
and 

(1.9) l|Vw||^w^o ^ < 2(7(70(1 + ||po|L(2/9)+) exp(C(7o). 

^ V 00,1/ -Ooo^oo 

If in addition, G W^2+[s],oo(]^+)^ po-le H^+^{R^) and uq G H'iR^) for some s > 1, then the 
global solution p-le C([0, oo); H^+'(R^)), u G C([0, oo); H'{R^)) n Li,^(K+; ii'2+*(M2)). 

Remark 1.1. Without the assumptions that pQ — 1 e L^(R^) and uq G H~^^{R'^) in Theorem 1.2, 
our proof of Theorem 1.2 ensures that (1.1) has a unique solution {p,u) on a time interval [0,1] 
with % being determined by 

T > (C(m,M, IIVpoIIl-, \\uo\\hi)\Hpo) - 1||l-)~^ 
andpe L°°((0,T);L~ n VF1'''(m2)), u G L'^{{0,iy, H^R^)) D L'^{{0,1); (R^)). 

Remark 1.2. We should point out that the reason why Desjardin [15] only proved (1.4) for p G 
[2,p*] with p* being determined by (1.5) is because of the fact that the Riesz transform TZ maps 
continuously from U'(R'^) to I/iR!^) with the operator norm (see Theorem 3.1.1. o/[8] for instance): 

for some uniform constant Cq. Our main observation used in the proof of Theorem 1.2 is that: Riesz 
transform TZ m,aps continuously from homogeneous Besov spaces 5^,.(M'^) (see Definition A.l) to 
Bp^^{R'^) with the operator norm 

which enables us to prove the a priori estimate for UVuH ^1^(^00). This is in fact the most important 
ingredient used in the proof of Theorem 1.2. 
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The other important ingredient used in the proof of (1.9) is the time decay estimates (2.12) and 
(2.13), which is a slight generalization of the decay estimates obtained by Huang and Paicu in [18]. 
The proof of such decay estimates is a direct application of Schonbek's frequency splitting method as 
well as the strategy of Wiegner [25] to prove the time decay estimate for classical 2-D Navier-Stokes 
system. 

In the particular case when fi{p) is a positive constant, the proof of Theorem 1.2 yields the 
following corollary, which docs not require any low frequency assumption on uq. 

Corollary 1.1. Let a G (0, 1) and m, M be positive constants. Let uq G i?2 i(lR^) be a solenoidal 
vector filed and po ~ I & B^ i n B^^^iR^) with m < po < M. Then (1.1) with ii{p) = 1 has a 
unique global solution {p, u) so that p-le C([0, oo); B^^nB^ ooi^^))^ ^ ^ C([0, oo); ^(IR^)) n 
LU^-^;Bl,iR')). 

Another important feature of (1.1) is the scaling invariant property, namely, if (p, u) is a solution 
of (1.1) associated to the initial data {po,uo), then 

(1.10) {px{t, x), ux{t, x)) =^ {p{Xh, Xx), Xu{XH, Ax)) {po^x{x),uo^x{x)) =^ (po(Ax), Auo(Aa;)) , 

{px{t,x),ux{t,x)) is a also a solution of (1.1) associated with the initial data {po,x{x),uq^x{x)). A 
functional space for the data {po,uq) or for the solution {p,u) is said to be at the scaling of the 
equation if its norm is invariant under the transformation (1.10). In the very interesting paper 
[13], Danchin and Mucha proved the global well-posedness of (1.1) with /x(p) = /x > in d space 

d 1-|- — 

dimensions and with small initial data in the critical spaces po — le Bp-^{W^) and uq G Bp^ ^ (M"^) 

. — 1+- 

for p G [1, 2d) . In fact, they [13] only require pQ — lio be small in the multiplier space oi B^^ ^ (W^). 
One may check [13] and the references therein for more details in this direction. 

It is easy to check that ^|i(m2) x (-B~J^^ n L'^{m^)) is at the scaling of (1.1). When po-l\s 

_ 2 ' 

small enough in the critical space i?^j^(M^), we have the following global wcll-posedness result for 
(1.1), which in particular improves the smallness condition (1.3) in [17] to (1.11) below (with only 
one exponential), and completes the uniqueness gap for p G (2,4) in [17]. 

Theorem 1.3. Letl <p < A, pQ- \ e S|i(IR^) and uq G B^^^'^ r\L'^{R^) which satisfy divuo = 
and 

(1.11) \\po - 1|| . I exp{Co(||uo|| . + ||'"o||i2)} < So 

for some uniform constant Cq and £q being sufficiently small. Then (1.1) has a unique global solution 
ip,u,VU) so that p G a([0,oo);S|i(M2)), u G ^([0, oo); n L2(m2)) p Li(R+; ^^^"^^(R^)), 

and dtu,Vn G L1(M+; (M^)). 

Finally, in the case when the initial data is in the almost scaling invariant spaces and ||po ~ 
is sufficiently small, we have the following global well-posedness result for (1.1): 



2 



Theorem 1.4. Let 1 < p < 4 and < £ < ^ - 1. Let po - 1 e n (R^) and uq G 
B . ^ n B . ^ n L^(R^) be a solenoidal vector filed. Then (1.1) has a unique global solution 



{p,u,VU) sothat p-leCb{[0,oo);B^^^nB;-^ (R^)), n G ^([0, oo); ^ ' CiB^^-^ ^nL^(R^))n 
L^{R+;Bp'^J n ^p^^'^"'(R2)), and dtU,VU G L'^{R+; B^^^'^^ n B~^^'^^~' (M?)) provided that 
(1-12) ||po-l||L-<eo 
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for some small enough Eq- 

Remark 1.3. One may check (8.8) for the exact size of Eq in (1.12). 

Scheme of the proof and organization of the paper. In the second section, we shall present 
the a priori time decay estimate for ||u(t)||2,2 and ||Vu(t)||i2 which leads to the crucial estimate for 

II^'"IIli(r+-L9) for q satisfying qS > 1. Based on these estimates and the observation in Remark 1.2, 
in Section 3, we shall present the a priori estimate for velocity field. In Section 4, 

we present a blow-up criterion for smooth enough solutions of (1.1). We then present the proofs of 
Theorem 1.2 in Section 5 and Corollary 1.1 in Section 6. Finally we present the proofs of Theorem 
1.3 in Section 7 and Theorem 1.4 in Section 8. For the convenience of the readers, we collect 
some basic facts on Littlewood-Paley analysis, which has been used throughout the paper, in the 
Appendix A. 

Let us complete this section with the notations we are going to use in this context. 

Notations: Let A, B be two operators, we denote [A, B\ = AB — BA, the commutator between A 
and B. For a < 6, we mean that there is a uniform constant C, which may be different on different 
lines, such that a < Cb. Wc shall denote by (o|6) (or {a\b)i2) the L^(]R^) inner product of a and b. 

For X a Banach space and / an interval of M, we denote by C{I; X) the set of continuous 
functions on / with values in X, and by Cb{I; X) the subset of bounded functions of C(/; X). For 
q G [l,+oo], the notation L'^(I; X) stands for the set of measurable functions on / with values 
in X, such that t i — > ||/(^)||x belongs to L'^{I)- For any vector field v = (^'1,^2), we denote 
d{v) = \ (diVj + djVi) ^ 2- Finally, {dj)j^z (resp. {cj)j^z) will be a generic element of ^-^(Z) (resp. 

^2(Z)) so that J2jezdj = 1 (resp. Y^jez^j = !)• 



2. Basic Estimates 

In this section, we shall improve the a priori estimate of || Vn||^2(iR+.£,p), which was obtained by 
Desjardins [15] in the case of T^, to be that of || Vn|| ^^i^j^+.^^p^ for any p £ {1/5, p*] with p* being 

determined by (1.5). This will be one of the crucial ingredient for us to prove the L^(IR+; B^ i(IK^)) 
estimate of the velocity field in Section 3. The main idea to achieve the estimate of ||Vit||^i(]j+.^p-) 
is to use the decay estimate for velocity field in [18, 24, 25] and the energy method in [15]. 

Proposition 2.1. Let f{t) be a positive smooth function, let {p,u) be a smooth enough solution 
of (1.1) on [0,r*) for some positive time T*. Then under the assumption (1.6), one has 



(2.1) 



d_ 
di 



(f{t) f tx{p)d:ddx)+f{t) f \dtu\''dt' 

<4f'{t) [ fi{p)d:ddx + Cm,M(f{t)i^ + \H\h)\\^u\\h) for te[0,T*), 



where Cm,M is a positive constant depending on m, M in (1.6). 

Proof. The proof of this proposition basically follows from that of Theorem 1 in [15]. For com- 
pleteness, we outline its proof here. Indeed thanks to (1.6), one has 

(2.2) m< p{t,x) < M for t € [0,T*). 

In what follows, the uniform constant C always depends on m, M and sometimes on 1 1 /i' 1 1 J/ 00 also, 
yet we neglect the subscripts m, M for simplicity. 
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By taking L? inner product of the momentum equation of (1.1) with dfU and using integration 
by parts, wc deduce from the derivation of (29) in [15] that 

f{t) [ p\dtuf dx+^^ (fit) [ ti{p)d : ddx) 
Jr2 dt\ Jir2 J 

= f'{t) / ii{p)d : ddx - fit) / dtu \ (pu ■ Vu) dx - f(t) / (u ■ V)u | div(2/Li(p)d) dx 
= f'it) [ p{p)d:ddx-2f{t) f dtu \ (pu ■ Vu) dx - f{t) [ p\u-Vu\'^dx 

- f{t) / u-Vu\ VUdx, 

where in the last step we used the momentum equation of (1.1) so that dvv(2p{p)d) = pdtu+ 
pu ■ Vu + Vn. This gives rise to 

fit) [ p\dtu\''dx + ^(f{t) [ p{p)d : ddx) 

(2.3) < 2 (/'(*) j^^ p{p)d ■.ddx + f{t)\\^u ■ Vu\\l2 - fit) j^^ ^ • I Vndx) 

<2f'it) [ i^ip)d:ddx + Cfit)(\\u\\l4Vu\\l4 + \y^ [ lidiU^ dku' dx ) 

t,K=l 

To deal with the pressure function 11, we get, by taking space divergence to the momentum equation 
of (1.1), that 

(2.4) n = (-A)~Miv(p5tn + pu ■ Vn) - (-A)~Miv (g) div(2/x(p)d) , 
from which, we deduce 

I ^ r 

/ ndiu'^dku'dx <\\Vu\\L2\\Vu\\li 
i,k=i •^^'^ 

2 

+ \\i-A)-^dwipdtu + piu-V)u)\\BMo\\ Yj diu^dku%_^^, 

i,k=l 

where \\f\\j^i denotes the Hardy norm of /. Yet as divn = 0, it follows from [10] that 

2 

11^ diu''dku'\\^,<\\Vu\\l„ 

i,k=l 

and ||/||bmo(m2) ^ II V/||i2(K2), we obtain 

I ^ r 

V / Udiu'^dku' dx <\\Vu\\L2\\Vu\\li + \\pdtu + piu-V)u\\L2\\Vu\\l2, 

which along with ||'u|||4 < ||'u||^2 1| V'u||^2 and (2.3) ensures that 
fit) f p\dtu\^dx + ^(fit) [ pip)d:ddx) 

< 3/'(t) / pip)d :ddx + c(fit)\\Vu\\i, + /(t)(l + \\uh2)\\Vu\\L2 \\Vu\\lA . 
To handle ||Vtt||/,4, we write 

(2.6) Vu = V(-A)-^Pdiv(2(//(p) - l)d) - V(-A)-^Pdiv(2//(p)ci) , 
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which together with the following interpolation inequality from [9] 

(2.7) II/IIl^(r2) < CV^II/lll.(R2)||V/||^;|,^, 2 < r < oo, 

ensures that for any p e [2, oo) 

||Vu||lp < CopMpo) - 1||l-||Vu||lp +CVp||Vu|||2||Pdiv(2/x(p)d)||^;^ 
with Co > being a universal constant. Taking eq sufficiently small in (1.6), we obtain for 2 < p < 
P* = 2Co||Mpo)-1|Ucx> 

^2g^ \\^u\\lp <C^\\Vu\\l^\\pdtu + p{u-V)u\\]^J 

< C^\\Vu\\l,{\\dtu\\'~J + \\u\\['J\\Vu\\['J). 
In particular taking p = 4 in (2.8) results in 

(2.9) ||V?x||i4 < C{\\Vu\\L2\\dtu\\L2 + \\u\\l2\\Vu\\12). 

Substituting the above inequality into (2.5), we obtain (2.1). This completes the proof of the 
proposition. □ 

Corollary 2.1. Under the assumption of Proposition 2.1, we have 

ll«lli-(L2) + \\^u\\ly^2) < c||uoiii2, 

(2 10) 

ll(0^Vu||ioo(^2) + \m-^dtu\\l,^^,^ < C\\Vuo\\l2e^p{C\\uo\\i2), 

rief 

for all t e [0, T*) and where (t) = e + t. 

Proof. We first get, by using standard energy estimate to (1.1), that 

(2.11) ^-T- / p\ufdx+[ n(p)d: ddx = 0, 

2 at 7m2 

which implies the first inequality of (2.10). 

Whereas taking f{t') = {t') in (2.1) and integrating the resulting inequality over [0,t], we obtain 

'/OI^H'^^^'^i' + IKO^Vnlli^..^^^) <C'(||V«o|lijo(i2) + (l + |ho|li2) f{t')\\Vu\\\2dt'), 

J 



'0 JM^ 

Applying Gronwall's inequality and using the first inequality of (2.10) gives rise to 

ft 

I I.twr^ l9 , ,./ . ll/./vi>-^ Il9 ^ ^Wt-, 119 t^/-, . II 119 Nil,-, 



j [ {t')\dtu\'^ dxdt' + \\{t')^Vu\\l^(L2) <C||Vuo||i2Cxp{C(l + ||no||i2)||V? 
Jo 7]r2 * 

<C||Vno||i2exp(C||uo|| 

This completes the proof of (2.10). □ 

Proposition 2.2. With the additional assumption that po - 1 e L^(R^), uq G iJ~^'^(M^) for 
6 G (0, ^), then under the assumption of Proposition 2.1, we have 

(2.12) \\{t'ML^ + ||(^V-Vu|L2(^2) < CV^exp(CCo), 
and 

(2.13) \\{t'f^-^'^-Vuh^^L2) + ||(t')^^+'^-^illL?(L2) < CV^exp(CCo), 
for any t G [0, T*) and Cq being determined by (1.7). 
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Remark 2.1. Large time decay estimates for ||'u(t)||^2 and ||Vn(t)||j^2 were obtained by Gui and 
the authors in [3] for 3-D inhomogeneous Navier-Stokes system with constant viscosity. Gui and 
the second author proved the time decay estimate for \\u{t)\\i2 in (2.12) for 2-D inhomogeneous 
Navier-Sttokes system with variable density in [16]. Similar time decay estimates as (2.12) and 

(2.13) were obtained by Huang and Paicu in [18]. Note that for p G [1, 2) and 6 = | — ^, LP(]R^) can 

be continuously imbedded into iJ~^^(M^), the decay estimates (2.12) and (2.13) are slightly general 
than that in [18], where the authors require the low frequency assumption for uo that uo G LP{M.'^) 
for p G [1,2). For completeness, here we shall outline the proof which basically follows from the 
corresponding argument in [25] for the classical 2-D Navier-Stokes system. 

According to [25] for classical Navier-Stokes system, the key ingredient used in the proof of the 
decay estimate for ||'u(i)||i2 in (2.12) is the following Lemma: 

Lemma 2.1. Under the assumption of Proposition 2.2, we have 

(2.14) ||«(i)||^2 <cVCoj^ for any te[0,T*). 

Proof. Following the proofs of Theorem 3.1 of [18] and Lemma 4.4 of [16], we first deduce from 
(2.11) that 

(2.15) ^||^n||i2+2H|Vn||i2 <0. 



Applying Schonbek's strategy in [24], by splitting the phase space into two timc-dcpcndent 



domain: = S{t) U S{ty, where S{t) =^ {C : 1^] < ^J^g{t) } for some g{t), which will be chosen 
later on. Then we deduce from (2.15) that 

(2.16) ^jvp^mh + g'm^uml^ < Mg\t) [ \Ht,ofdc. 

Js{t) 

To deal with the low frequency part of u on the right hand side of (2.16), we write 

u{t) = e^^uo + e(*-*')^P(^div((/x(p) - l)d{u)) + {I - p){ut + u -Vu) - u ■ Vu) (s) dt' . 

Taking Fourier transform with respect to x variables gives rise to 

<e-*l^l'l^o(OI + £e-(*-*')l«l'(]C](|.F,[(/x(p) - l)d{u)]\ + \j^,{u®u)\) 
+ p){ut + u-Vu)\\){t')dt', 



so that 



(2.17) 



Js{t) Js{t) ^Jo « 

-^\\T^{u^u)\\^^)dt'y -{-g\t)(^Jj\j'^[{l- p){ut-{-u- Vu)]\\^^ dt'y. 



It is easy to observe that 

e-*l'l»o(0l"ci{<{()-2'||»„f„_„, 



/ 



< 

'0 



< 
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and 

{I\\Mp) - i)M{u)\\Li + \\u^u\\li) dt'Y 

Mp) - l|li-(L2)l|V«||i2(^2)i+ \\u{t')\\l,dt'y, 
Finally thanks to (2.9) and (2.10), we have 

{J^ \\ut{t')\\L^ dt'Y < C\n{t) j\t')\\ut{t')\\l, dt' < C\\Vuo\\h exp(C||no||iO ln{t), 

and 

/ ||^/||L4||V^/|U4dt' < / {\\u\\l2\\Vu\\L2\\ut\\l2 + \\u\\l4'^u\\12) dt' 
Jo Jo 

1 ill 
~ll^llL-(L2)ll'^^lli:?(L2)ll(*)^^^t|ll2ln2(t) + ||'"||L-(L2)l|Vtx||^2(^2) 

<C\\Vuo\\l2exp{C\\uo\\l2)ln-^t), 

which leads to 

[j)\j'A{^-p){ut+u-vu)]\\^^{t')dt'y 

<II(1-P)lli-(L2)[(^ \\Mt')\\L^ dt'Y + (^J^ lkl|L4||Vu|U4di')' 

<C||po- 111^2 ||Vno||i2exp(C||no||i2)ln(i). 
Resuming the above estimates into (2.17) and then using (2.16), we obtain 

^AVp^mh + g'mvp^mh <Mg\t)( f \\u{t')\\i2 dt'Y 

(2.18) dt \Jq J 

for Co given by (1.7). Taking g^{t) = ^^^^^ in the above inequality and then integrating the 
resulting inequality over [0,t] resulting (2.14). □ 

We now turn to the proof of Proposition 2.2. 

Proof of Proposition 2.2. With Lemma 2.1 and (2.18), the decay estimate of ||?i(t)||^2 in (2.12) 
follows by an standard argument as [25] for the classical 2-D Navier-Stokes system (One may check 
page 310-311 of [25] for details). Whereas multiplying (2.15) by {t)^'^^^- and then integrating the 
resulting inequality over [0,t], we obtain 

(2 19) m'-u\\l2 + 2^,\\{tf-Vu\\l2^^2^ <C{\\uo\\l2+l\tT'-''>-Mt')\\hdt') 

<CCoexp(CCo), 

for Co given by (1.7). This proves (2.12). 

On the other hand, taking f{t) = in (2.1), and then using (2.19) and Gronwall's 

inequality, we obtain (2.13). This completes the proof of the Proposition. □ 
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Notation: In all that follows, for Co given by (1.7), we already denote 

(2.20) Ci =^ CV^exp(CCo) . 
We now present the key estimate in this section: 

Proposition 2.3. Under the assumptions of Proposition 2.2, for p G [2,p*] with p* being deter- 
mined by (1.5), we have for any t G [0,T*) 

(2.21) IKiV^'"'~^^-V^lk2(iP) < VpcI''. 
Proof. We first, get by resuming (2.9) into (2.8), that 

\\Vu\\lp < C^(\\Vu\\l,\\ut\\^~J + \\u\\l^~'^\\Vu\\L2\\ut\\l^~'^^ + ||u||].;^||Vu||^;^). 

Notice that p>2, multiplying (f')^2+''~p)- the above inequality and then taking L^(0, t) norm 
of the resulting inequality, we obtain 



(L2) 



1 1 



Then we get, by resuming (2.12) and (2.13) into the above inequality, that 

||(t')(H'5-^)-v^||^.(^,) < ^C~^l + \\uo\\'~J), 
which together with (1.7) and (2.20) leads to (2.21). □ 

3. The L^(M+;S^ ]^) estimate for the velocity field 

The goal of the this section is to present the a priori L^(M+; i) estimate for the velocity field, 
which is the most important ingredient used in the proof of Theorem 1.2. 

Lemma 3.1. Let q G (1/(5, p*] with p* being determined by (1.5) and £ > such that | + e < 1. Let 
{p, u, Vn) be a smooth enough solution of (1.1) on [0, T*). Then under the assumptions Proposition 
2.2, one has 

(3.1) ll^xIL^ Il^xo II +<^C'i(l + l|p|| ^ l+e ) for any t<T*, 
where the norm \\u\\_ .i+a+g is given by Definition A.2 and the constant C\ by (2.20). 

Proof. Let P ^ I — V(A)~^div be Leray projection operator. We get, by first dividing the mo- 
mentum equation of (1.1) by p and then applying the resulting equation by P, that 

dtu + ¥{u-Vu} {div{2n{p)d) - Vn) } = 0. 

Applying Aj to the above equation and using a standard commutator's process yields 

pdtAjU + pu ■ VAjU - AAjU - 2div((/i(p) - l)Fd{Aju)) 

(3.2) . .1 ^ . 

= -p[Aj¥; u-V]u + p[Aj¥; -] (div(2/x(p)d) - VH) + 2div[AjP; n{p)]d. 

Throughout this paper, we always denote d{v) (^^{diVj + djVi))^^^, and abbreviate d{u) as d. 
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Taking inner product of (3.2) with \Aju\'^~'^ AjU, we obtain 
/ p\Aju\''dx- I AAju\ \Aju\'^~'^Ajudx 
(3.3) < \\Aju\\l-'[c{q - l)2^||(//(p) - l)Pd(A,n)||L. + \\p[AjF;u- V]u\\l. 

+ \\p[Aj¥- i](div(2/x(p)d) - Vn) + c{q - l)2^||[A,P,/x(p)](2d)||L.}. 
However as divn = 0, one gets, by using integration by parts and Lemma A. 5 of [12], that 



AAju\ \Aju\'^~'^Ajudx = / \AjVu\'^\Aju\'^~'^ dx 



+ iq-2) [ \Aju\'^-^{V\Aju\f dx > c2'^^\A 



7/11'' 



for some positive constant c. 

Whereas it follows from Lemma A.l that 

||(m(p) - l)¥diA,u)\\L. < 2^'||/x(p) - l\\Loo\\Aju\\L, < 2^'||//(po) - 1||l- ||Ajtx||M. 

Therefore taking eo sufficiently small in (1.6) and using (2.2), we deduce from (3.3) that 

^Wp^AjuWLi +c2'^^\p^Aju\\Li < \\p[AjF;u-V]u\\L', 

+ \\p[AjF; ^]{dw{2^i{p)d) - Vn)|U. + 2^||[A,-P,/x(p)](2d)||L., 

which gives rise to 

\\p-^Aju{t)\\L. <e-'^'''\\plAjUo\\L-> + j\-''^''^'-''^{\\p[AjF;u- V]u\\l. 

+ ||p[A,-P; ^]{dw{2i2{p)d)-VU)\\L.+2^\[AjF,p{p)]{2d)\\L.}dt'. 
As a consequence, thanks to (2.2) and Definition A. 2, we conclude, for q £ {2,p*], that 



mil .1+1+, <||txo|| .-i+|+e+sup2( ^+^+^^^||[A,-P;n-V]t^|Li(^.) 



(3.4) +sup2( ^+l+^)^||[A,P;i](div(2M(p)d) - Vn)||.i(^,) 

j P 

+ sup2(|+^)^||[A,-P;/.(p)]d||^i(^,). 

j 

In what follows, we shall handle term by term the right-hand side of (3.4). Firstly appplying Bony's 
decomposition (A. 5), one has 

[AjP; u ■ V]u = [AjF; ■ V]u + AjFR{u, Vu) - R{u, VAju). 

Applying Lemma 1 of [23] gives 

2(-^+l+^)^||[A,-P;r,. V]«||l, <2(-^+I+^)^' ^ \\VSe-iu\\L^\\Aeu\\L. 

\j-e\<4: 



^ ^ ^+£„ „l-^-£ 



Whereas applying Lemma A.l, one has 

2^-^+1+'^' \\AjFR{u,Vu)\\lo< 2^1+'^' \\Aeu\\L2\\Si+2Vu\\Lo < ||u||^|+,||Vu||l.. 



i>j-3 
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The same estimate holds for R{u,VAju). which together with (2.10) and Proposition 2.3 imphes 
(3.5) J 

< C{\\uo\\l^ + ||Vtxo|U2exp(C||no||i2))||(ty^+'-'^-Vn|L2(^,) < CCf, 

where in the last step, we used the assumption that q6 > 1 so that || ||^2 < C. 

Exactly along the same line to the proof of (3.5), we get, by applying Bony's decomposition 
(A.5), that 

[A,-P, -]f = [AjF, T,]f + AjFR{-,f) - R{-,AjFf). 
P p P P 

It follows from Lemma 1 of [23] that 

2(-^+l+^)^||[A,-P,ri]/|U, < 2^-^||[A,-P,Ti]/|U. 

p p 

^ \\'^-p\\B-J,t!\\f\\L- ^ (1 + l|plU-)l|pllBg.,^||/||L^, 

and applying Lemma A.l leads to 
2(-i+|+^)i||A,.pi?(i,/)||^, < 2^-^11 A,M(i,/)|U. 

<2^^ ||A,(i)|U^||WllL^<(l + WL^ 

The same estimate holds for i?(i, AjP/), so we obtain 

2(-^+l+^)i[A,p,i]/||^j(^,) < c||p|Uoo(^^^^)||/|L.(^.), 

from which and div(2/i(p)(i) — VII = pdtu + p{u ■ V)n, we deduce that 
sup 2(-i+l+^)^^ II [A,P, -\ (div(2/x(p)d) - Vn) ||^i(^„) 

3 P 

< C||p|Uoo(Be^_^)||(div(2M(/9)d) - Vn)||^l(^2) 

C\\p\\L^(B-^^^}{\\dtu\\mL2^ + \\u\\l4 \\Vu\\l4 dt'). 
However, notice from (2.9) and Proposition 2.2 that 

U4||V«||i4di' <C r(||n|||2||Vn|U2||«i|||2 + 11^11^2 llV^lli^) dt' 

Jo 

<ll«llico(^2)||Vt.|L2(^.)||(t')(^+')-«t|li2(^2)ll(tr^^ 



< 



+ 1)- 



+ MLr(L2)\\Vu\\l,^^,^ < C(Cf ll^olli + llnolli^). 



and 

WdtuhliL^^ < C||(tyi+^)-9t«|L2(^2) < Ci, 

so that we obtain 

(3.7) sup2(-^+l+^)i[A,-P, l](div(2/x(p)d) - Vn)||^i(^,) < CC^pU^^sg 
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As I + £ < 1, the same process also ensures 

sup2(|+^)^||[A,-P,/x(p)](2d)|Li(^,) < CIIpII l|V^x|Li(i,) 
(3.8) * ' 



< CIIpII . ll(t')^^+'"^^-Vn|L|(^,) < CClM . . 



Substituting (3.5), (3.7) and (3.8) into (3.4) results in (3.1), and we complete the proof of Lemma 
3.1. □ 

With Lemma 3.1, we can prove the a priori L^{W^; ^^(M^)) estimate for u. 

Proposition 3.1. Under the assumptions of Lemma 3.1, there exists a positive constant C which 

depends on m,M and ||/x'||x,oo such that if 

(3.9) 4C^C!{l + \\po\\ |+,)||m(/Oo)-1||l- <1, 

-^00,00 

for Ci given by (2.20), one has 

(3.10) IMlUb^ )<2CCf(l + ||/,o|| I+J. 

t \ 00,1 z R ^ 

-'^00,00 

Proof. Bony's decomposition (A. 5) for — l)d reads 

(//(p) - l)d = T^(p)-id + Td(/x(p) - 1) + 7^(/x(p) - 1, d). 
Applying para-product estimates ([6]) gives 

II^Mp)-i'^IIlj«i) ^Mp) - i|lLr(i-)ll^llLi(B^j 

<\\lx{po) - l||L-|k||ri(Bi 

t \ OO, 1 z 

To deal with TZ[ji[p) — 1, d), for any integer iV, we decompose it as 

\\n{p{p) - i,d)ii^i(^o^^) < w^^i^i^ip) - ^^m\L\{L^) 

+ ll^^(Wp)-l,C?))llLi(i-=) 

o<^<Ar 

+ Y II^K^(Mp) - i>rf))llL|(L-) =^i + ii + in. 

Let q be as in Lemma 3.1 and q = Then by virtue of Lemma A.l and para-product estimates 
([6]), we have 

I<ll^(/"(P)-I,d)||.i(^0 ) 
<\Mp) - miLjiL^) + \K{p)-ld\\LliBl^^) + WTdiKp) - I)IIlI(BO^) 

^II/^(P) - l|lL?°(L2)l|Vn||ii(i,) < CIWpo - 1||l2, 
where in the last step, we used (2.21). Along the same line, one has 

II < N\\n{pip) - l,d)||ii(BO^_^) < N\\p{po) - l||L-||tx||^i(^i^^^), 

and 

™ ~ E E W^Mp) - l)llL-(L-)||Aj(Vn)|Li(^oo) 

e>N j>£-No 

< Y '^~'"Mp) - l|Ur(^°°)ll^llLi(sy;g„) 
e>N 

<2-^^||/x(po)-l||L-||tx|L^ 
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for any g € (2,p*) with qe > 1. Hence we obtain 

^^■"^^^ x(n\\u\\^,(^, .+2-^^||u|| 1+2+,). 

The same process leads to 

(3 13) "^''^'"^'"^ ~ ^^ll^*^(^So,i) - + C'(||/x(po) - l||Loc||Vn|Li(^^)Ar 

+ 2-^^||m(/9) - l|lL»(Bg,,^)l|V^llLi(i-))- 

Notice that 

||wolL-i+2+e < hollas < \\uo\\m, 



B ' 



< IIpoII §+e exp(C||Vu||ri(i^)), 



llAi(p) - l||L-(Bg,,^) < IIm(/>o) - l||Bg.,o. exp(C||Vu||^i(^^)), 

and Riesz transform maps continuously from ^ from ^ with uniform bound, we get, 
summing up (3.11), (3.12), (3.13) and Lemma 3.1, that 



||7^P7^ • (2(//(p) - i)d) ll^i^o^^j <ccf + cI^Mpo) - i||l- h||^j(^^_^)iv 

+ C22-^^(l + ||po|| l+e exp(C||Vn|Li(i..))) 
+ 2-^^||/x(po) - exp(C||V^x||ii(i.o) 



Let [F] be the integer part of Y. Then choosing N = j^HVuH^k^oo) so that 

C2-^^exp(C||Vn||ii(^oc))<l 
in the above inequality results in 

(3.14) ||7^P7^ • (2(/x(p) - l)d) 11^,(^0^ ^) <CCi2(l + IIpoII |+. ) + C||/x(po) - IMl^^s^ y 

-^00,00 * 

To handle A)~2Pdiv(2/x(/?)d) , for any integer L, we get, by applying Lemma A.l, that 
||7^(-A)-|pdiv(2M(/9)d) 11^1(^0^^) 

<}^2« ||//(p)d||ii(i,)+ 2^ ||A^(p5ttx + p(u-V)n) 11^1(^2) 
^<o o<e<L 

+ 5:2-^1Mp)^IIzkb^,.) 

^ l|Vtx|Ll(L.) + (||5tti||Ll(L2) + 11^ • Vtx|Ll(i2))VL 

+ 2~-^^(II/^(p)IIl-(L-)II^^IL i+l+e + llAi(p)llL-(Bg„^)ll'^"llLi(L-))' 

-f-t (-85,00 ) 00,00 

from which. Lemma 3.1, (3.6) and Proposition 2.3, we infer 
||7^(-A)-ipdiv(2/x(p)d)||^l(^o^_^) 

<c{Ci2 + CiVl + C?2-^^(1 + IIpoII |+J exp(C||Vn|Li(i.o))}. 
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Taking L = 7^||Vn||^i(2;,oo) in the above inequality results in 

(3.15) ||7^i(-A)-^P,•div(2//(p)c^) 11^1(50^ ^) <CC2(1 + IIpo II I+J + ^||Vu||ii(ioo). 

Thus thanks to (2.6), we get, by combining (3.14) with (3.15), that 

11^11^1(^1^^) <C7(7f(l + ||po|| i+J +C||/x(po) - 1||l-||'"||^i(bi ) + ^llVull^i(i^), 
which ensures that 

\Ml}(B^ ,) ^'^'^U^+WPoW l+e) +<^IIm(P0) - l||L-|k||^l.^l y 

-*-'oo,oo ' 

from which and (3.9), we conclude (3.10). This completes the proof of Proposition 3.1. □ 

4. The blow-up criterion of (1.1) 

The purpose of this section is to prove a blow-up criterion for smooth enough solutions of 

(1.1) . As a matter of fact, we shall prove a more general result concerning the propagation of 
regularities for (1.1) which does not require any smallncss assumption on the fluctuation of the 

viscous coefficient. Toward this, let a ^ — 1 and /x(a) A*(]^), we write (1.1) as: 

' dta + {u-V)a = 
, . I dtu + u-Vu + {l + a){VU-div{jl{a)2d)} = 

^ ' ] divu = 

^ {a,u)\t=o = {ao,uo). 

The main result can be listed as follows, which is a similar version of blow-up criterion for 
hyperbolic systems ([21]). 

Theorem 4.1. Let s > 1 and qq G ii"^+*(R^) satisfy 

(4.2) 0<m<l + ao<Stn. 

Let uq G i7*(R^) be a solenoidal vector field. Then there exists a positive time T*, so that (4.1) 

has a unique solution {a, u) with a G C([0, T]; H^+'' (R^)), u G C([0, T]; (R^)) n L\.{H''+'^) for any 
T <T*. Moreover, ifT* is the majcimum time of existence and T* < oo, there holds 

(4.3) / \\V u\\ LOO dt' = oo. 

Jo 

Proof. We first deduce from the standard well-posedness theory (see [2, 11] for instance) that (4.1) 
has a unique solution on [0, T*) for some positive time T* < oo. Moreover, there holds 

(4.4) m<l + a{t,x) <m, and ||a(t)||LP = ||ao||LP VpG[2,oo], t<T*. 
And it follows from the proof of (2.10) that 

(4.5) hlli»(L2) + l|Vn||i2(i2) < C\\uo\\l2 for t < T*. 

While we get, by applying Aj to the continuous equation of (4.1) and then taking the inner 
product of the resulting equation with Aj-a, that for all r > 0, 

1 f 



applying Lemma A.2 gives 

^^ll^-^lli^ < c2(t)2-2i'-(||V«||L-||p- l||^. + l|Vp||L-||n||^.)||a||^., 
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from which, we infer 

||a||£c.o(jjr) < ||ao||/fr + C J (||Vn||L<^||a||^, + ||Va||Loo||u||^,) di'. 
Applying Gronwall's inequahty, (4.4), and the fact that 

(4.6) ||Va||ioo(^p) < ||Vao||LPexp(||V'u||^i(ioo)) for VpG[l,oo], 
leads to 

(4.7) II 

"'WZf'iH^) - {W'^oWnr + C||Vao||L°°||M||ii(//r)) exp(C||Vn||ii(j^„o)). 

On the other hand, applying Ag to the momentum equation of (4.1) and using Bony's decom- 
position (A. 5) in the inhomogeneous context, one has 



(4.8) 

where 



dtAqU + u ■ VAgU + AgVn + AqVTaU - div((l + a)ii{a)Ag{2d)) 
= [Ag; u-V]u + AgTvaH - Ag7^(a, VH) + Rj, 



Rq = Ag[{l + a)diY{Jl{a)2d)] - div((l + a)]l{a) Aq{2d)) 
= Ag[adiv((/I(a) - l)2d)] - div[a Ag((/2(a) - l)2d)] 
^^■^^ + Aq(adiv(2d)) -div{aAq{2d)) - div{(l + a)[Ag; /1(a) - 1] • (2d)} 

'MRl + dwRl 

and -(1 + a)[Aq; il{a) - 1] • {2d), R] =^ Rq - div R^. 

Taking inner product of (4.8) with AqU and using divu = 0, we obtain 

^4l|A,u||i2 + ((l + a)/I(a)A,(2d) | Aq{2d)) 



2dt 

= (^[Aq;u-V]u + AqTvaH - Aq7^(a, VH) + Rq \ AqU^ 



L2 



Notice that m < (1 + a) and < < /x, then we get, by applying standard process (like [12]) and 
Lemma A.l, that 

<\\uo\\h^ + ||A_iu||ii(i2) + {Y1 -^^IIlKl^))' 

q>-l 

(4.10) + ||rvan||^i(^,) + ||7^(a, vn)||£i(^,) 



q>-l q>-l 



where Rl, R^ are given by (4.9). For s > 0, applying Lemma A. 2 yields 



\\[u;Aq]-Vu\\^^<Cq{t)2-'i'\\Vu\\Lo^\\u\\Hs, 

from which, we deduce 

2^''ikA,].V.||i,(,,))^< /*( 2^^-i[n;A,].V.||i,)^dt' 
(4.11) 1^-' ° 1^-' 



< / ||Vn||Lcx,||u||ijs dt'. 

^0 
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Along the same line, we have 



(4.12) 



||rv„n||ji(^.) < ^ \\Va\\L^\\VU\\^,.,dt' and 
||7^(a,V^)||£w^ < f\\a\\^. \\VU\\L2dt'< f\\a\\^,^4VU\\L2dt'. 

I Jq 00,2 Jq 

Notice that 

Ag[adiv((/I(a) - l)2d)] - div [a Ag {{Jl{a) - l)2d)] 
= [Ag;a]div((/2(a) - l)2d) + [a; div] Ag ((/1(a) - l)2d), 

applying Lemma A. 2 yields 

1 1 A^a div ((/1(a) - l)2d)] - div[a Ag((/I(a) - l)2d)]\\ 

< c,(t)2-''^(||Va||i-||(/I(a) - l)2d\\H^ + ||(/I(a) - l)2d||L^ ||a||^.+i), 

from which, we deduce, by a similar proof of (4.11), that 

22^^||A,[adiv((/2(a)-M)2d)] -div[aA,((M(a)-//)2d)]||^i^^,^)^ 

q>-l 

^ / (||Va||Loo||(/I(a)-l)2d||,/. + ||(/I(a)-//)2d||Lo.||a||^,.+i)dt' 
Jo 

< / (llVallLoodlVifllLoollallH" + \\Ji{a) - 1\\l°°\\u\\hs+i) + ||Vi(||loo ||a||j:/s+i) dt'. 
Jo 

While notice that 

Aq(adiv(2d)) - div(a Ag(2d)) = [A^; a]div(2d) + [a; div]Aj(2cZ), 
a similar proof of (4.13) leads to 



22^iA,(adiv(2d)) -div(aA,(2d))||^,(^,))^ 

/ (II Vallioo ||u||jjs+i + II V^IIloo ||a||^s+i) dt'. 
Jo 



q>-l 



< 



Therefore thanks to (4.9), we obtain 
(4.14) ,> 

It follows the same line that 



22^^||it;]||2,(^,^)^ < AllValUcdlVnlUc^llall^,. 

+ (1 + ||a||L°o)||tt||_H-o+i) + ||Vu||Loo||a||j:/3+i) dt'. 



(4.15) (E 2''^'^'^ll^'llii.(L2))' < / (l + ||a||L-)(||Va|Uoc||n||^.+i + ||Vt.|U-||a|U.+i)di'. 

It remains to handle the pressure function 11 in (4.1). Toward this, we get, by taking divergence to 
the momentum equation of (4.1), that 

div{(l + a)Vn} = - div{(n • V)n} + div{a div[(/l(a) - l)(2(i)]} 
^^'^^^ + div div{ (/1(a) - l)(2d)} + div(aAn), 
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applying Bony's decomposition (A. 5) in the inhomogeneous contaxt to the right hand side of (4.16), 

we have 

div{(l + a)Vn} = - div{(n • V)u} + divr„div{T^(„)_i(2d) + R(il{a) - l,2d)} 
+ divi?(a,div[(/I(a) - l){2d)]) + divdivrj^(„)_i(2£i) 
+ divdiv i?(/I(a) - l,2d) + T^a^u + div i?(a, Au), 

from which and the fact that divn = 0, we infer 

div{(l + a)Vn} = - div{(n • V)u} + rvadiv{r^(,)_^i {2d) + R{Ji{a) - 1, 2d)} 

+ r„divrvjl(a)(2d) + TaTyj,(a)^U + T.div div i?(Al(a) - 1, 2d) 
+ divi?(a,div[(/I(a) - l){2d)]) + div rv^(„) (2(i) + Ty~^^a)^u 
+ divdiv i?(/I(a) - l,2d) + Tva An + div i?(a, A-u). 

taking inner product of the above equation with 11 and using (4.4) , we reach 

||Vn||^2 <\\Vu\\lAAl^ + ||rvadiv{r^(„)_^i(2d) + i?(/I(a) -/x\2d)}||^_i 

+ ||r„divrv^(„)(2d)||^_i + ||r„rv^(„)An||^_i + ||r„divdiv i2(/J(a) - l,2d)||^_i 
+ ||i?(a,div[(/I(a) - l)(2d)])|U2 + ||rv^(„)(2d)||^2 + ||rv^(„) An||^_i 
+ \\R{ll{a) - \,2d)\\fj, + \\Tya^u\\fj., + ||i?(a, An)|U2, 

which together with standard para-product estimates ([6]) and (4.4) imphes 

(4.17) ||Vn||i2 <||V'u||L<x=(||u||i,2 + ||a||j^i) + ||Va||Loo(l + ||a||^fi)||Vu||i2 + ||a||j^2 ||Vu||i2. 

To deal with || Vn|| , we get by acting Ag to (4.16) and taking inner product of the resulting 
equation with A^II that 

l|Vn||j:^.-i <\\u ® u\\h- + 11(1 + a)div[(p^(a) - l){2d)]\\Hs-i 

+ \\{l + a){2d)\\Hs-. + [Y, 22''(-i)||[A,;a]Vn||i.)^ 

?>-i 

from which, standard product laws in Sobolev space and Lemma A. 2, we obtain 

||Vn||^s-i <(1 + llallioc. + ||'u||L°°)||u||ii-s + ||a||ijs(||Vn||i,2 + ||Vn||Loo) + ||a||Lcx. H-uH^s+i 

+ ||a||i?''(||a||ffi||V'u||L°° + ||a||Loo||n||^f2) + ||Va||i<x. || Vn||^s-2 + ||Vn||i2 ||a||ii-s. 

If s - 2 < 0, then ||Vn||^i-.-2 < ||Vn||^2 otherwise 

||Va||Loo||Vn||^^s-2 < r7||Vn||^»-i +C||Va||^";o^||Vn||^2. 

As a consequence, by taking rj sufficiently small, we arrive at 

||Vn||^s-i <(1 + ||n||Loo)||n||ii-i< + ||a||ii-s||Vu||L°° + ||a||_ffs (||a||ji-i || V-uHlcx. + ||n||^i-2) 
^^'"^^^ + Mh^+^ + (||Va||L- + <(||Va|||-i))^^2 + ll«ll^0l|Vn||i2, 

where ((||Va||^^^))^^2 = when s > 2, and equal to otherwise. 



WELL-POSEDNESS OF 2-D INHOMOGENEOUS NAVIER-STOKES SYSTEM 19 

Therefore, substituting (4.11), (4.12), (4.14), (4.15), (4.17) and (4.18) into (4.10), we reach 

\Ml^(h-) + ll^llLl,(i^-+2) - II^oIIh" + ||^^|Il1(l2) + ^ I|Vm||l- IMh" dt' 
+ / ||Va||L=°{(l + ||n||L°°)||u||i/s + ||a||ijo ((1 + ||a||j^i)||V'u||L°° + H'^Hija) 

(4.19) 

+ \\u\\Hs+i}dt' + I (||Va||ioo + ||Va||ioc + ||a||^.+i)||Vn||i2C?i' 
Jo 

+ / {||Va||Loo(||VM||Loo||a||_f/s + ||u||j^s+i) + ||Vt(||L°°||a||H''+i} <^i'- 

^0 

Thanks to (4.7), one has 

II a II (if ''+1) < ^^(1 + lkllLi(i?''+i))exp(C||V'u||^i(^cx.)) 

< c{i + ii^ii|;hi)Ikii|;^.+.)) exp(ciiv^iLi(^.)). 

It follows the same line that 

2 a-1 

||a||L-(if^) < C(l + ||«||2|;Hi)ll^ll~t(V.+2)) exp(C||Vtx|Li(^^)), 
from which and (4.6), we deduce that 

£ II ValUoo \\a\\Hs \\u\\h^ dt' < (1 + ll^ll|^^^.+2)) ll^lllfi/i) ll^ll|;^.+2) exp(C|| VnLi(ioc)) , 
j\\\Va\\U + l|Va||loo)||a||^,2||V«|U2 dt' < Vi{l + ||«|||;^i) ||^x|||j^^^,^) exp(C||V«||^i(ioo)) , 

^ ||a||H^+i||Vu||L- dt' < (1 + ll«ll5;jyi)ll^ll|fj^.+2)) exp(C||Vu||ii(i.o)), 
and 

/ l|Vu||i2||a||^s+i||a||jj2 dt' 
Jo 

< ^ l|Vu||i2(l + ||u||ii^(^.+i))(l + ||'u|Li(jf2))exp(C||Vn||ii^(^oo)) dt' 



< £ iivniu2(i + ii.ii2s^.)ikii~j;^.,,) + ii-ii2iiHi)ii-ii3;^..2) 

+ ll'"llzi(i/-+2)) exp(C||Vn||ii^(^<^)) dt'. 
Substituting the above inequalities into (4.19) and using Young inequality, we obtain 



u 



\l--{h^) + ll'"llzi(if^+2) + * + / II V«IIl2 exp(C|| Vu||^i^(i^)) |h||£i(^^.+2) dt' 



+ / (||V«||Loo + (l + v^)exp(C||Vt/|Li,(ioo)))||n||^^.di' 



+ f{t, s, ao, uq) exp(C|| Vw||j;,i(ioo)) , 

for f{t, s, ao, uo) given by 

fit, s, uo, ao) =h + t+ \\uo\\h' + {l + t'i^+ 1^) ||«||ii(^^i) + {t^ + i^) ||«|llt(V)- 
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Applying Gronwall's inequality to (4.20) and using (4.5), we arrive at 

ll"IIZ5?(i?'') + II^IIli,(h^+2) - C'/(i,s,uo,ao)exp|c(l + \/t + t5)exp{C||V'u||^i(icx.)}|. 
This together with (4.7) completes the proof of Theorem 4.1. □ 

5. The proof of Theorem 1.2 

Notice from [15] that with the additional regularity assumptions that Vpo G L''(T^) for some 
r > 2, Desjardins proved that: there exists some positive time r so that Lions weak solution {p,u) 
satisfies u G L'^{{0,t)] H'^(R^)) and Vp G L~((0, r); L*'(T2)) for any f < r. Here with Proposition 
3.1, we shall prove that r = oo and f = r. 

Proposition 5.1. Let (p, u, Vn) be a smooth enough solution of (1.1) on [0,r*). Then under the 
assumptions of Theorem 1.2, we have 

\\^^LliL'>o) < 2CC2(1 + ||po|L(2/,)+) =^£, 

( 5.1 ) T \ / i300,00 

l|Vp|Uj»(L.) + ||Au||ii(i2) + ||vn||ii(i2) < c(i + llVpolUO cxp(ce:) 

for t <T* and Ci given by (2.20). Here and in that follows, the uniform constant C may depends 
on m,M and \\fi'\\L°o- 

Proof. Under the smallness assumption (1.8), we find that (3.9) is satisfied. Hence, we get, by 
applying Proposition 3.1, that 

(5.2) IIVuIIloo/^oo-) < ll-ulLi.oi N < 2CCi (l + IIpoII 2, J for t < T* and any £ > 0. 

On the other hand, by taking inner product of Au with the momentum equation of (1.1), we 
obtain 

\\^/fi{p)Au\\l2 = / {pdtu + p{u-V)u-2fi'{p)Vp- d) \ Audx, 
from which and (2.2), we infer 

(5.3) ||Au||^i(^2) < C(^||atu||^i(i2) + ||Vp||x,oo(ir-)||Vw||j^i(i„) + ||n • Vn||^i(^2; 

where n is determined by ^ + ^ = |. It is easy to check, from the transport equation of (1-1) and 
(5.2), that 

l|Vp|Uj«(L.) < IIVpoIIl- exp(C||Vtx|Li(ioo)) < ||Vpo||l'- exp(C(2:) for t < T*, 
moreover, as r < ^^25 ^ (2-21) ensures that 

so that we deduce from (5.3) that 

(5.4) ||An||i2(i2) <C(l + ||Vpo||LOexp(C£) for t<T*. 
Finally thanks to the momentum equation of (1.1), one has 

||Vn||il(^2) < C(^||5tu||^l(^2) + ||Vp||Loo(Lr)||Vu||j^l(j^„) + Vu||j^l(j^2) + ||AU||^1(^2)), 

which along with the proof of (5.4) leads to the estimate of ||Vn||^i^j;^2). This completes the proof 
of Proposition 5.1. □ 

We now turn to the proof of Theorem 1.2. 
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Proof of Theorem, 1.2. Firstly under the assumption of (1.6) and (1.8), Theorem 4.1 together with 
Proposition 5.1 ensures (1.1) has a global solution {p,u) with /) — 1 G C([0, oo); //^+*'(M^)) and 
u G C([0,oo);i?^(M2)) n Zj^^(M+;i/2+*(M2)) provided that po - 1 e H^+'{M^), uq G H%R^) and 

some s > 1. 

To prove the global existence of strong solutions of (1.1) without the additional regularity as- 
sumption that pq — IG H^~^^{E?) and uq G H^{E?) for s > 1, we denote po,r; Po*jrii ""o.r; uo*jri, 
and /Lt^ = * where J?7(|a;|) = 'n~'^j{\^\/v) is the standard Friedrich's moUifier. Then (1.1) with 
viscous coefficient /x^ and with initial data {po,r)-iUo,-q) has a global solution (p^, ti^, VII^). More- 
over, Proposition 5.1 ensures that (p^, u^, VII^) satisfy the uniform estimates (2.10) and (5.1). 
This together with a standard compactness argument yields the existence part of Theorem 1.2. For 
simplicity, we skip the details here. 

It remains to prove the uniqueness part of Theorem 1.2. Indeed let (pi,nj,Vni), for i = 
1,2, be two solutions of (1.1) so that pi G Cb{[0,T];L°° n W^^^'im^)), v., e Cfc([0, T]; ^^(R^)) p 
L2((0,T);iii(M2)) nLi((0,r);Lip(M2)), and dtu G L'^{{0,T);L'^{R'^)), we denote by 

Hpf 

(5.5) [Sp, Su, VSU) = (p2 - Pi, U2 - ui,VU2 - VHi). 

Then the system for {dp, Su, (5Vn) reads 



(5.6) 



< 



dfSp + U2 • V5p = —5u • Vpi 

P2dt6u + p2{u2 ■ V)Su - 2div{n{p2)d{du)} + VdU = 6F, 
div 6u = 0, 



[ {Sp,6u)\t=o = {(i,0). 



where SF is determined by 

SF = —Spdtui — Sp{u2 ■ V)ui — pi{Su ■ V)ni + 2div{(p(p2) - p(pi))d(ni)}. 
def 

Let 2 < m < r, and p = we deduce from the transport equation of (5.6) that 



(5.7) 




<Ct^+i||Vpi||,.^^(i.)||5«|||^(^,)||V5n||^,| 



Whereas taking 



inner product Su with the momentum equation of (5.6), we get 
/ p2\Su\'^dx + 2 / fi{p2)d{Su) : d{Su) dx = / SF \ Sudx, 






which leads to 



II<^^IIl-(l2) + IIV'^«IIl2(l2) <II^pIU-(l-) 



/ (ll^t^lll 

Jo 



L2 + ||'U2||L4||VMl||i4)||(5'u||Lm dt' 



(5.8) 




where — + :^ = It follows from (5.7) that 

Tit ifh ^ ^ ' 








where limi_^o%(^) = 0. The same estimate holds for ||5p|| 
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While again notice from (5.7) that 

¥p\\Lf{L"-) / \\Vui\\Lr^\\V5u\\L2dt' 

Jo 

<r?2(i)||5n|||co(^2) + 2\\^^^\\%{L^y 

where r]2{t) satisfies limj^o^2(i) = 0. 

Hence taking ti small enough, we infer from (5.8) that 

ll<^'"llif'(L2) ^ IIPi||l°°I|Vui||l<x=||5'u|||2 o?i' for t<ti. 

Applying Gronwall's inequality yields 

Su = for t <ti, 

from which and (5.7), we obtain Sp = for t < ti. Finally thanks to the momentum equation of 
(5.6), we get that VSH = for i < ii. The uniqueness on the whole time interval [0, T] then follows 
by a bootstrap argument. This completes the proof of Theorem 1.2. □ 

6. Proof of Corollary 1.1 

In this section, we shall repeat the arguments from Section 2, Section 3 and Section 5 to prove 
the global well-posedness of (1.1) in the case of constant viscosity. 

Proof of Corollary 1.1. We first deduce, by a similar proof of Theorem 1 of [4], that the system 
(1.1) with /Lt(p) = 1 has a unique local solution on [0, T*) so that 

p-le C,{%t\-Bl^ n S^,oo(K')) and u G C,{%t\- BI^{^^)) n ^^([O,*]; 

(6.1) 1 1 

-||^u(t)|||2 + ||V'u||^2(i2) = 2llVPoWo||i2 and m<p{t,x)<M, 

for any t <T*. Then to complete the proof of Corollary 1.1, we only need to show that T* = oo. 

In fact, thanks to (6.1), we can find some to G (0, T*) such that u{to) G i?^(M^). Then for 
to <t <T*, we get, by taking the inner product of the momentum equation of (1.1) with dfU, 
that 

^||Vtx(0||i2+||Vp5tix||i2((,„,,).i2) 

=;Jl|Vtf(to)||i2 - / / pu-Vu\ dtudxdt' 
^ J to Jr'^ 

1 /"* m 

<^\\^nito)\\l2 + — ||n||i4||Vn|||4dt'+-||5tU||i2((,„,,).^2), 

which along with (6.1) and ||a||^4 < C||ii||2;,2 ||Vii||j;,2 implies that for any e > and t < T*, 

(6.2) ||V«(t)||i2+m||atu||22((^^_^)^^2) < ||Vu(to)||i2+^ ||n|||2||V^||i2di'+£||A^||22((^^^^)^^2). 
However, when //(p) = 1, we deduce from the property of linear Stokes system that 

ll^"llL2((to,t);L2) + l|Vn||^2((t(,_t).i2) < l|P^t^^llL2((to,t);L2) + \\pU ■ VM||^2((to_t).i2) 

<M'll^t^lli2((,„,t).i2) + — / ||«||i2||V^||t2 dt' + 2 l|An||i2((,„,,).i2), 
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which gives rise to 

(6.3) ||Au||i,((,^_,)^^,) + ||Vn||i,((,^^,)^^,) < 2M2||9in||i2((,„,,).^.) f \\u\\l4Vu\\l,dt 

•J to 

Summing up (6.2) with 2£:x(6.3), we obtain 

||Vu(t)||i2+m||5tu||i.((,^^,).^.) +£(||A«||i.((,^^,).^.) + ||Vn||i.((,^_,).^.)) 

< l|V«(to)|li2+4M2e||5in||i.((,^^,).^2) + C^,M||no|li2 / \\Vu\\l,dt'. 

J to 

Taking e = in the above inequahty and then applying Gronwall's inequahty leads to 

l|Vn(t)||i. + y||at«||i,((,,,,)^^.) + _^(||An||i,((,^_,)^^,) + ||Vn||i,((,^_,)^^,)) 

(6-4) < ||Vn(to)||i2exp{C„,M||no||i2||Vn||i.((,^^,).^2)} 

< ||Vn(to)||i2exp{C^,M||no||t2}. 
On the other hand, we get, by a similar derivation of (3.4), that 

\MLmto,ty,Bl+^) ^\H^o)\\m +sup2^"||[AjP;'u- V]u||ii((to,t).i2) 

(6.5) ' ' . . 1 

+ sup2J"||[A,-P; -]{Au - Vn) 
j P 

The proof of (3.5) yields 

sup2^-«||[A,.P;^ . V]uh.ato,ty,L^) ^ l|VHli2("(,„,t);L^)ll^^ll^((*o,t);L^)- 
j 

And it follows form the proof of (3.7) that 
Therefore thanks to (6.4) and (6.5), we conclude that 

\MLH{to,ty,Bl+-) <C{m,M, ||u(to)|kl)(l + ||p|Loc((t„,t).Ba ^)) 

(6.6) ' . 

<C(m, M, ||M(to) Ibi ) 1 1 + Vi-io \\p{to)\\ b^^^ exp {C\\u\\ Li((to,ty,Bl^) 

Now for any positive integer N, we get, by applying (A. 2), that 

ll^llLi((to,t);4%) <l]2^II^^Vti|Ui((t„,t).i2)+ J2 \\^e^AL^{{to,ty,L^) 

e<o o<e<N 

+ E '^^'\M\LH{to,tyL^) 
e>N 

^Vt - to \\Vu\\L2(^to,tyL") + V^it-to) \\Au\\L2((to,tyL2) 

+ ^ \\^\\L^(ito,ty,Blt^r 
which together with (6.1), (6.4) and (6.6) implies 

ll^llLi((*o,t);B|,i) <C{m,M, ||p(to)||s« ||u(to)lki){l 

+ Vt^o{l + Vn + 2-^" exp(C||u||^.((,^_,)^^. ^) 
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Taking N = [^\\u\\j^i(^^^^ ^y^2 ^] in the above inequality results in 

\MLH(to,t);Bl,) <Cim,M, ||/3(to)||B. _^, ||n(to)||Hi){l + Vt-to{l + ^J\M LH{to,ty,Bl,))} 

<C{m,M, ||p(io)|lBa \\u{to)\\Hi){l + t- to) + ^||?^|lLi((to,t);B2 
from which, we infer 

(6-7) ll«llLi((to,0;Si,i) ^ Cim,M,\\p{to)\\^^^^,\\u{to)\\H^){l + t-to). 

With (6.7), it is standard to prove that T* given at the beginning of the proof equals oo. This 
completes the proof of the corollary. □ 

7. Proof of Theorem 1.3 

The goal of this section is to present the proof of Theorem 1.3. To prove the existence part of 
Theorem 1.3, we need the following two technical lemmas: 

Lemma 7.1. Let p,q> 1 and s G M satisfying | < ^ + | and max(— 1, 2(| — 1)) < s < 1 + |. Let 
f G 5* 2 1^ ij^(M^) be a solenoidal vector filed. Then one has 

(7.1) \\[AjF-,v -VHlp <dj2'^^+-^-l-''^\\Vv\\L2\\v\\^s . 
Proof. We get, by using Sony's decomposition (A.5), that 

(7.2) [AjF; vV]v = [AjF; r„ • V]v + AjF{T^^v + 7^(^;, Vv)) - T^^.^v - 7^(^;, VAjv). 
It is easy to check that 

[Aj¥; % ■ V]v{x) = 2^^ ^ f [ h{2^z)z ■ Se-iVv{x + {9- l)z)AiVv{x - z) dz dO. 

K-il<4 ° 

We first deal with the case when 1 < p < 2 in (7.1). In this case, applying Holder's inequality and 
the property of the translation invariance of the Lebesgue measure, we obtain 

||[A,P;r^- V]i;||lp <2^' Yl f f Jhi{2^ z)\\\Si-iVv{- + 9z)\\Lv\\AeVv{- - z)\\l2 dzdO 

\i-j\<'i 

<2-^ \\St_iVv\\LP\\AeVv\\L2, 
K-il<4 

where hi{z) = zh{z) and p satisfies ^ = 5 + |-A.s^<| + ^ and s < 1 + |, we deduce, from 
Lemma A.l, that 



\\Se-iVvU,< Y: 2^'=(^^^||A,V^|U.<c,2W+|4)-] 



\v\ 
k<e-i 



so that one has 

(7.3) ||[A,-P;r^ • V]v\\lv < dj2^^^+-^-l-'^\\Vv\\L2\\v\\^s . 

Along the same line, we have 

\\Aj¥{Ty^v)\\LP < Y II-^^-iV^IUHIA^^^IIl^ <dj2^'(^+i-i-'') II V?;||i2 11^11^3 ^. 

K-j|<4 

The same estimate holds for T^^ ^v. 
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Whereas for 1 < g < 2, we get, by applying divv = and Lemma A.l, that 
\\AjF{n{v,Vv))\\LP <2^^^~^^ \\Aev\\L2\\Aev\\L2 



e>j-3 



q,2 " " " "-"9,2' 



and for q >2, we have 

||A,•P(7^(^;,V^;))||LP <2^'['(^+5-i)l J2 \\^eu\\L4^iv\\L^ 

(7.6) 



< 2^[2(i+^-^)l V d,2-^(i+^)||Vi;|U2||i;||^. < d,•2^■(^+^^^) || Vi;|U2 , 

^>i-3 



where we used the fact that s > max(— 1, 2(^ — 1)). This together with (7.3) and (7.4) proves (7.1) 
for 1 < p < 2. 

The case when 2 < p is much easier. Notice that 

||[A,-P;T^-V]i;||LP <2-^' \\Se-iVv\\L^\\AVv\\LP, 

l^-il<4 



and as s < 1 + -, one has 



9,2 



so that (7.3) holds for p > 2. The same estimate holds for A.jF(T^yv) and T.^^.yV. This together 
with (7.5) and (7.6) completes the proof of (7.1) for 2 < p. □ 

Lemma 7.2. Let p > 1 and s > -1. Let v e n B'^'^'' n if^(M^) be a solenoidal vector filed. 

Then one has 

(7.7) Wv-'^vW^s < ||t'||L2||w||^2+« + ||Vt;||i2||?;||^i+«. 

pA pA P)l 

Proof. Bony's decomposition (A.5) for v ■ Vv reads 

vVv = T^-Vv + Twv + n{v, Vv). 

Applying Lemma A.l yields 

\\Aj{n-Vv)\\LP < V \\Se-iv\\L2\\AeVv\\LP < dj2-^'\\v\\L2\\v\\j^2+s, 

\i-j\<4 

where p satisfies - = ^ + i. 

^ pip 

A similar procedure gives rise to 

\\Aj{Tyy ■ v)\\lp < V \\Si-iVv\\L2\\Aev\\LP < dj2-^'\\Vv\\L2\\v\\j^i+s. 

' * p,l 

K-j|<4 

Finally as s > — 1, by applying divv = and Lemma A.l, we get 

\\Aj{n{v,Vv)\\LP <2^ V \\Aiv\\L2\\Aiv\\LP < dj2-^'\\v\\L2\\v\\^2+s. 

This completes the proof of (7.7). □ 
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Proof to the existence part of Theorem 1.3. Given initial data (po)^o) satisfying the assumptions 
of Theorem 1.3, we deduce from [2] that (1.1) has a local solution {p,u) on [0, T*) so that 

p-lGC,([0,r];^|i(R2)), ueCk{[Q,T]-B~l^~^{^^))r\L\[Q,T]- and 

(7.8) ^ .T f- 

-\\^pu{T)\\l, + / / ii{p)d{u) : d{u)dxdt' = -||^/p^uo|li2 

for any T < T*. 

In order to prove that T* = oo under the nonlinear smallncss condition (1.11), we write 

(7.9) dtu + {u ■ V)n - Au + VH = (1 - p)dtu +{1- p){u- V)u + dw[2{p{p) - l)d] , 
from which and similar derivation of (3.4), we deduce for p e (1,4) and t G (0, T*) that 



u 



+c||n|| ^,+1 < llnoll +5]2^'( ^+i)||[A,-P;u- VH|ii(i,) 



(710) ^?°(^P,i «P,i ,ez 

+ \\{{l-p)dtu + {l-p){u-V)u + div[2{fi{p)-l)d]}\\ ^ .1+1 . 

^t(^p,i ) 

Applying product laws in Besov spaces ([6]) yields 

+ C||p-1|L .2 |||9tti|| ._i+2 +||(n-V)n|| ,_,+ 2 +\\u\\ .1+2). 

However, it following Lemma 7.1 and (7.8) that for 1 < p < 4, 

(7.12) ||[A,-P;«. V]n||^x(^,) <di2^'(^-i)||Vu||i.(^.) < d,2^'(^-i)||no||i., 

and Lemma 7.2 together with (7.8) ensures that 

\\{u ■ V)^x|| a <\Ml^{l^)\M + \MlUl^)\M ^- 

^II^o||l2(I|w|L , .-1+1, + \M 

Substituting (7.12) and (7.13) into (7.11) results in 



|2 



\\u\\^ _l,2 +c||u|| 1,2 < II^Uoll _i+2 + C||uo||},2 

(7.14) \\dM\ 

+c{i+\\uo\\L2)\\p-n^ .2 I r +ii^il .-i+i +iihi .i+a|- 

Whereas we infer from (7.9) and (7.13) that 

II^HL ^.-1+1 +l|vn|| < iiuoll +c||txo|U2(lhiL +||«|| ^^.x+a) 

(7.15) ll^iull^^ +1 

+ c7(i + ||txo|U2)||p-i|L 2 { .^11 ^ + lkiL +lkll ^ .,+1}. 



For e sufficiently small, we denote 

def ,, ,, , ,, ,, , e 



(7.16) 2l(t) "i^' ||n|L ._i+2 +||n|| .,+ 2 + (11^,^11 ._,+ 2 +||vn|| ._,+ 2). 
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Then by summing (7.14) with j^^y^^n ^ x(7.15), and using the following standard estimate on 
transport equation [6] that 

lip— 111 2 < llpo ~ l|l 2 expfCllull ij_2 ), 

we obtain 

(7.17) 2l(t)<C{||uo|| +||uo||i2+2l(t)(l + ||«olU2)||/9o-l|| .| e^^W}. 

Bp, I Bp I 

In particular if we take eq to be sufficiently small and Cq to be sufficiently large in (1.11), one has 

C\\po - 1|| .§ exp{2C(||uo|| .-1+1 + lho||i2)} < ], 

which together with (7.17) ensures that 

2l(i) < 2C(||mo|| .-1+1 + WmWh) for all t G (0,T*). 

This in turn proves that T* = oo under the assumption of (1.11), which completes the proof to the 
existence part of Theorem 1.3. □ 

To prove the uniqueness part of Theorem 1.3, we first recall the following Lemma from [13] (see 
Proposition 2.1 of [13]): 

Lemma 7.3. Let vo G B^^iiM."^) and f G L^{{0,T); B^ .^{M.'^)) with p G [l,oo] and seR. Let g,R 
satisfy Vg G L^((0,r); ^^^(M^)), dtR G L^((0, T); ^^^^(M^)) and that the compatibihty condition 
g\t=o = divvo on R^. Then the system 

dtv -Av + VQ = f, 
divv = g = divR, 
v\t=o = Vo 

has a unique solution {v, VQ) so that 

^7^g^ ||^|Iz^^(b;,,)+II(5*^>v\,vq)||^i(^._^) 

< HWbs^^ + II/IIlKB^,i) + + II^*^IIl1(B^,i)- 

Proof to the uniqueness part of Theorem 1.3. This part will essentially follow the Lagrangian idea 

d d 

from [13]. Yet in [13], the initial density belongs to the multiplier space M{B^,^^{W^)) of B^'^ -y{W^) 
for \ < p < 2d, and the viscosity coefficient ^{p) equals some positive constant. Here the initial 

2 2 

density po belongs to B^^{^), which is a subspace oi M.{B^^{S?)), but the viscous coefficient ji{p) 
depends on p. We remark that our proof here works in general space dimensions, although we only 
present here the 2-D case. 

Let (p, u, Vn) be a global solution of (1.1) obtained in Theorem 1.3. Then as u G L°°(M+;Lip(M2)), 
we can define the trajectory X{t,y) of u{t,x) by 

dtX{t,y) = u{t,X{t,y)), X{0,y) = y, 

which leads to the following relation between the Eulerian coordinates x and the Lagrangian coor- 
dinates y: 

(7.19) x = X{t,y)=y+ [ • 
Moreover, we can take T so small that 

(7.20) _^'^||Vu(t,-)||Lc.<^. 



uir,X{T, y))dT. 
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Then for t < T, X{t,y) is invertible with respect to y variables, and we denote Y{t,-) to be its 
inverse mapping. Let 

u{t, y) u{t, x) = u{t, X{t, y)) and Il{t, y) Jl{t, X{t, y)). 



Then similar to [13], one has 



(7.21) IZG Z°°(M+;5pj^''(M2)) and d'^u.dtU.Vtl e L^{M+;Bj^^^^ ^ {W^)), 

and 

dtuit, y) = dtu(t, x) + u(t, x)Vu(t, x), 

(7.22) 

dxiU^{t,x) = dyi^u^{t,y)dxiy'' for x = X{t,y), y = Y{t,x) 



so that let A{t,y) =^ {VX{t,y))-^ = V^Y{t,x), we have 

(7.23) Vxu{t,x) = A{t,yfVyu{t,y) and div u{t, x) = diY{A{t,y)u{t,y)), 

and (n, Vj,n) solves 

, . j podtu - dwy{n{po)d{u)) + Vytl = dw{n{po)iAA^ - Id)d{u)) + {Id - ^)^Vj,n, 
^ ' \ divu = div{{Id-A)u). 

Now let (pij-Uj, Vllj), i = 1,2, be two solutions of (1.1) which satisfy the regularity properties 
listed in Theorem 1.3. Let {ui,Ai,Ili), i = 1,2, be defined from (7.19) to (7.22), we denote 

(SA, 5u, VSU) =^ {A2-Ai,U2- «i, VIIs - VHi). 



Then it follows from (7.24) that the system for {5u, VOT) reads 
(7.25) 



dtSu - AySu + Vy5U = 5F, 

divy 6u = V6u : {Id - A2) - Vui : 5 A = divy{{ld - A2)5u - 6Aui) , 
^ 6u\t=o = 0, 



where 

SF ={1 - P0)dtSu + dWy[{fi{po) - l)VySu] - SA^Vylll + {Id - A2fVySU 

+ divy{p{po)[{A2A', - Id)d{6u) + {A2AI - A^Al)d{ui)]}. 
We first deduce from product laws in Besov spaces ([6]) that 
II (1 - pQ)dt5u+dhfy[{p{po) - l)Vy5u]\\ ._i+2 

<||(l-po)ll.| ||5*<5n|| +\\{p{po)-l)\\.2 \\Vy5u\\ 2 

Before going further, we recall from [13, 14] that under the assumption of (7.20), one has 

5A{t) = ( fv6u{T)dT) . Ci{t)Ct'-\t)), 

(7.26) ° 

Ai{t) -Id = V(-l)'=(Q(t))^ with Ci{t) / Vui{T) dr. 
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Thanks to (7.26), for p G (1,4), we get, by applying product laws in Besov spaces ([6]), that 
<\\5A\\ .2 livnill 2 +\\id-A2\\ .2 IIVOTII ._,+ 2 



< livnii 



^ \\V6u\\ 2 +||Vu2|| 2 IIVOTII ._,^a . 



To deal with div{/Lt(po)(^2^2^ — /(i)d((5M)}, we write 

div{//(po)(^2^2 - /d)d(<5u)} = div{/x(po)[(^2 - /d)(^2 " Z^)^ + ^2 - Id + (^2 " /(i)^](i(<5i2) } , 
from which, we infer 

\\diY{fi{po){A2A'^ - Id)d{6u)}\\ _,+ 2 

Li(B^,i n 

<(1 + IIMPo) - 111. I ) (1+11^2-/^^11 .| ) 11^2-/^^11 .| 2 



< 



(l + ||Vn2|| 2 )||Vn2|| .2 



Ll(Bl^) Ll(Bl^) LliB^,/) 

Similar estimate holds for div|/^(/9o)(^2^2^ — AiA^)d{u\)^ . As a consequence, we obtain 



(7.27) 



\m <(/?! (0 + 11(1 -Po)ii. I ) 



with lim^ ^0^1 (0 = 0- 

On the other hand, we deduce from (7.25) and (7.26) that 



\\divSu\\ 



< 



(7.28) 



||V5u|| .2 \\A2-Id\\ 



< 



(IIV^i 



LliBl,) 



+ ||V«i|| 



+ l|Vn2|| 



LHBi.y LiiB,,,n 



Along the same line, we get 
\\dt{{Id- A2)6u-6Au^] 



1+^ 



< 



||V'U2(5it|| 



Li(B;/n 



+ \\{Id-A2)dtSu\\ 



+ \\VSuui 



+ 



f |V5«di'||VC7i,2||«i| 
Jo 



.-1+^ + 

LUB^,i n 



Li(B,,, n Li(B^,, n 

[ \Vdu\dt'\dtUi\ 
Jo 



< 



l|V«2|| 



1+7 



+ \\Id-A2\ 



\\dt5u\\ 



+ ||V(5U|| _i+2 llttlll 2 +||V(5tZ|| 2 ||VC/l,2|| _l+2 lltilll 2 

L^tiK,i) •'^?(^p,i 

+ ||V5«|| 2 lia^nill , 



which implies 
(7.29) 



dMid - A2)6u-SAu^)\\ _,^2 



< 



V2{t)[\\Su\ 



+ 



+ 



where t/1^2 denotes component of either ui or ^2, and lim^ >.o??2(i) = 0. 



\\dtSu\\ ), 
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Thanks to Lemma 7.3, we get, by summing up (7.27) to (7.29), that 

\\5u\i +\\{dtSuyHu,vsn)\\ 

(7 30) ^ ^'^"""^ ^ 

<Cm + \\p^-l\\ _. )(\\5u\\_ +m5u,VHu,V6Il)\\ ._,+|), 

for some positive function riif) satisfying Xvcut^^riii) = 0. Uniqueness part of Theorem 1.3 on a 
sufficiently small time interval [0, ti] follows (7.30) . The whole time uniqueness then can be obtained 
by a bootstrap method. This completes the proof of Theorem 1.3. □ 



8. Proof of Theorem 1.4 

In this section, we shall present the proof of Theorem 1.4 by following the same line to that of 
Theorem 1.3. For this, we first recall the following lemma from [1]: 

Lemma 8.1. [Lemma 2.1 of [I]] Let s < |, {p,r) G [l,oo]^ be such that s + 2inf(^, jr) > 0. Let 

2 ^ f 3_l_2 inf ( i 1 ) 

a G Sp^oo n L°°(R2) and b G mJ^"^). We denote X(s) = H?4t, then 

( l-max(0,s)f 11 ,,max(0,s)| \(s)u n\-\(,s) .r ,„ 



\ab\\Bs <\\b\\s. 

p,r p,r 



B" B" 



allioo In (e + ||a|| , 2 ||a||^io) if s = 0. 









II 4% 1 






-'^p,oo 












■'-*p,oo 





Lemma 8.2. Let p G (l,oo),0 < e < |. Then for a G B^oo n B^oo n L°°(R^) and b G B^oo n 
2 

^p,oo(K^), one has 

pe 2 2 PE 

iHi.i <Hl-ii&ii.| + Mit:- \\arrjM'Tj\brr , 

(8.1) 

l|o^ll 2_^ < llallLooll^ll 2_^ + ||a||/oo||o 

B", BP, 
p^i pA 

Proof. Bony's decomposition (A. 5) for ab reads 

ab = Tab + T^a + Tl{a, b). 
It follows from para-product estimate that 

(8.2) ll^a?' + 7^(a,?')|| .| < ||a||L-||?'|| .| and ||r„6 + 7^(a, 6)|| . < ||a||L- 1|6|| . |_, 
To deal with Tf,a, for any integer M > 0, we write 

\\^jina)\\Lp < Yl {W^i^h^ Yl + \\Aia\\L^ Yl ll^fe^lU^' 

\£-j\<4 k<e-M e-M<k<e 

so that 

||Tfea||.2 < Y 2('=-^^'4||a||.2+J|6||.2_,+ ^ '^^'~''^~^dk\\a\\L^\\b\\ , , 

pP ' DP nP ^ ' nP 

k<e-M e-M<k<e 

T.t 2M 

<2-^^||a|| 2+JI6II .|_.+2ir||a||^^||6|| 2 . 
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Thus choosing M = log2 — || a|f^^||6|| 2'^ above inequahty gives rise to 

pe 2 

(8.3) \\T,a\\ .a < (||a||Loo . a ) (||a|| . 

^p,l ^p,l -^P,oo ^p,l 

This together with (8.2) proves the first inequality of (8.1). 

Along the same line to proof of (8.3), for any positive integer M, one has 

||T,a|L._, < (2-^^||a|| , + 2^1-'^'' \\aU^)\\b\\ 

^P,oo ^P,l 



^"1 



Choosing M 



^ logo II 7'°° 



in the above inequality leads to 



\\na\\ . 



Is 



,1- 



Bit 



This together with (8.2) proves the second inequality of (8.1). □ 

We now turn to the proof of Theorem 1.4. 

Proof of Theorem 1.4- The proof of Theorem 1.4 essentially follows from that of Theorem 1.3. For 
simplicity, we just present the a priori estimates for smooth enough solution (p, VII) of (1.1). 
We first get, by a similar derivation (7.10), that 

-l+2_e +C\\U\\ .i+2_^ 



+ ||(i-p)(9tt. + u-Vu)|| +\\{^i{p)-l)d{u)\\ ,2 



However, it follows from Lemma 7.1 that 

r-t 



||[A,-P;^. V]tx|Li(^.) <d,2^(^-i^+^) / ||V^(i')||L^lh(i')ll a-.di' 



<d,2^-(^-i+^) ri|V«(OllL^lh(iOlP_,+._J^(Oll\+a_,^*', 

^P,i 







so that one has 



<c{||uo||._,+|_, + ||(l-p)(5t^x + u-Vn)|| +||(Mp)- 1)^^(^)11 , 



+ ^*||Vn(t')|li2|k(tOlL-i+|-e^i'} + |lkl 



Applying Gronwall's inequality gives rise to 

II^^IL +c||w|| .i+2_^ < Cexp(C||^xo||i2){||^io|| .-i+2_, 

+ \\{f,{p)-l)d{u)\\ ,2 +\\{l-p){dtU + U-Vu)\\ }. 
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Whereas we deduce, by a similar derivation of (7.15), that 

\\dtu\i ._,+2_, +||vn|| ._,+2_, 

(8.5) ^ll^o|L-,+|-. + c{||txo|U2(||u|L^^^_,^a_.^ + ||n||^^^^ 

+ \\{l-p){dtu + u-Vu)\\ ,^2 +\\{i,{p)-l)d{u)\\ ^ .|-.}. 

For e sufficiently small, we denote 

^2iS)=^hL . -1+2 +11^^11 .i+2_, + , ^11^ II (\\dtu\\ ._i+2_, +||vn|| ._i+2_, ). 

Then summing (8.4) with -^_^ | |^^ || ^ x (8.5), we obtain 

21,(0 <Cexp{C||txo||i2}{|ko||.-i+|-. + ||(Mp)-lK^)ll , 

(8.6) ^^'^ ^'^''^■^ ^ 

+ ||(l-p)(5iU + n-Vtx)|| ^ }. 



Similar estimate holds for 2l(i) defined by (7.16). 

On the other hand, witt 
(7.13) and Lemma 8.1 that 

p){dtu + u-Vu 

<(iip- iiuoc(^.) + - iiiiL7rir^^"'^iip- 1 



On the other hand, without loss of generality, we may assume that + ^ — applying 



l-max(0,-l+|-£)| ^ ,,max(0,-l+|-£)| 



<||po-i|fe^||p-i||'-'H (\\dtu\\ 



+ II«o||l2(||«IL .-i+i-s +lhll , .i+i-Jj' 

where A(— 1 + | — e) is given by Lemma 8.1 and 6{e) *=^min|l — max(0, — 1 + | — e)|, A(— 1 + | — £:)}. 
Similar estimate holds for ||(1 — p)(dtu + u • Vu)\\ .-1+2 . 

While we get, by applying Lemma 8.2, that 

\\{p{p) - \)d{u)\\ <||U|| (||//(p) - l||ioo(i«,) 

+ IIMp)-i||So(loc)||M/>)-i||'"^ 2 ) 

2s 1 2e 



<||po-l|lZc.||p-l|| ^ ^ \\u 



1- 



2 

2+pe 



2 
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and 

\\{ll{p) - l)d{u)\\ 2 < - l||L°°(L-)lkl| ^ .1+1 

pe 2 2 , 

<||po-l|lli''^(||po-l|lltf^ + ||p-ir+^^ , )(||n|| .,+ 2_, +||n|| 

Therefore, we deduce from (8.6) that 

2t(t) <Cexp{C\\uo\\l2){\\uo\\ ._i+2_, + ||uo|| ._i+2 + ||po - [l 

+ 11/9 -111 .2 + Hp -111 .2+, ](2i(i) + 2i,(t))| 

<Cexp(C||no|||2)|||no|| . _i+2_^ + ||no|| ._i+2 + ||po - llliS [l 

+ ||po-l|| .| +||po-l|| .|+e](2l(t)+ae(i))exp(C2l(i))}. 
In particular, if ||po — 1||l°° is so small that 

C\\po - M\l^ (i + IIpo - i|| . a + IIpo - i|| . 2+J 

(8.8) 7 ^'^ 1 

X exp(C||uo||i2)exp<^2Cexp(C||uo||^2)(||uo|| ._i+2_, + ||no|| .-i+a) \ < tt, 

s^,i s^,i ^ 

for d{e) =^min(6'(0),e(£), we infer from (8.7) that 

2l(i) + 2l,(t) < 2Cexp((7||no||i2)(||uo|| . + Ij-uol 



R '' R 



With this a priori estimate, we complete the proof to the existence part of Theorem 1.4. The 
proof to the uniqueness part is identical to that of Theorem 1.3. One only needs to use Lemma 8.1 
and Lemma 8.2 rather than the standard product laws to estimate ||(1 — po)dtSu\\ _i, 2 and 

^K-Bp,i n 

||(u(po) — l)V^it|| 2 . We skip the details here. □ 

Appendix A. Littlewood-Paley analysis 

The proofs of Theorem 1.2 to Theorem 1.4 requires Littlewood-Palcy decomposition. Let us 
briefly explain how it may be built in the case x G M'^ (see e.g. [6]). Let (p he a smooth function 

supported in the ring C G M'^, | < |^| < §} and xiO be a smooth function supported in the 

ball B =^ e W^, ICI < |} such that 

5^(^(2-^0 = 1 for Ct^O and x(0 + E '^(2-^^) = ^ ^""^ 

j<=Z q>0 

Then for u G 5^(M'^) (see Definition 1.26 of [6]), which means u G 5'(M'^) and limj^_oo ||x(2-^i:>)«||Lo. 
= 0, we set 

V J G Z, AjU =^ (f{2~^D)u and Sju =^ xC^'^ D)u, 
^^'^^ Vg>0, Agti =^ <^(2-«D)n, A^iu=\{D)u and SgU=^ ^ A^m, 

-1<9'<9-1 
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we have the formal decomposition 

(A.2) = ^ Aj u, Vug S'^{W^) and = ^ u Vu G 5(M'^). 

jgZ q>-l 

Moreover, the Littlewood-Paley decomposition satisfies the property of almost orthogonality: 

(A.3) AjAqU = if \j-q\>2 and Aj{Sq-iuAqu) = if \j-q\>5. 

We recall now the definition of homogeneous Besov spaces and Bernstein type inequalities from 
[6]. Similar definitions in the inhomogeneous context can be found in [6]. 

Definition A.l. [Definition 2.15 of [6]/ Let {p,r) e [l,+oo]2, seRanduE S'f^{R^), we set 

"(2.-||A,„|l„) 



p,r 



• For s < J (ors = ^ifr = l), we deGne S^ „(R'^) '= {u £ S'f^{R^) \ ^ < oo}. 

• IfkeNandj + k<s<^ + k + l(ors = ^ + k + li{r = l), then ^^,^(M^) is deGned as 
the subset of distributions u G such that d^u G ^^^^(M^) whenever \/3\ = k. 

Lemma A.l. Let B be a ball and C a ring ofW^ . A constant C exists so that for any positive real 
number 6, any non-negative integer k, any smooth homogeneous function a of degree m, and any 
couple of real numbers {a, b) with b> a> 1, there hold 

Supp ucSB^ sup Wd'^uW^i < C''+'^S''+'^^^--b^\\u\\La, 

\a\=k 

(A.4) Supp ucSC^ C-'^-''S''\\u\\La < sup \\d'^u\\La < C^+''S''\\u\\La, 

\a\=k 

Supp uc6C^ \\a{D)u\\Lb < C^,m5"'+'^^^"^^ II^^IIl-- 
We also recall Bony's decomposition from [7]: 
(A.5) uv = TuV + R{u, v) = TuV + T^u + n{u, v), 

where 

T^v Sj-iuAjV, R{u, v) =^ AjuSj+2V, 



Tl{u, v) ^ AjuAjV with Ajv ^ ^ A 
jez \j'-j\<i 



.yV. 



To prove Theorem 4.1, we need the following lemma concerning the commutator estimates, the 
proof of which is a standard application of Basic Littlewood-Paley theory. 

Lemma A.2. Let s > 0, a e H^+^ n Lip{R'^) and b e L°° D LipnH^{R'^). Then there holds 

\\[A,;a]Vb\\L2 < Cj2-^'{\\Va\\L^ \\b\\^, + ||V6|U- ||a||^.) , 
l|[A,;a]V6b2 <c,2-^-^(||Va|U^||6||^. + ||6|U^||a||^i+.), 
ll[A,;a]V6|U2 <c,2-^-^(||Va|U^||6||^, + ||a||^i+.||V6||i2). 

In order to obtain a better description of the regularizing effect of the transport-diffusion equa- 
tion, we need to use Chemin-Lerner type spaces L^{B^^^{R'^)) from [6]. 
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Definition A. 2. Let (r, \,p) e [1, +00]^ and T g]0, +00]. We define L^{B^^{W^)) as the comple- 
tion ofC{[0,T]; 5(M'^)) by the norm 

with the usual change if r = 00. For short, we just denote this space by Lj,{Bp ,^). 
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